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Background

• Agents are distinct from/interact with/are 
embedded in an environment


• Agents’ beliefs/abstractions/world models 
update in some interesting way


• Agents have goalS



Plan + disclaimer

1. We have some theoretical results


2. … here I try to show some applications


3. … for which we need more theory


4. … very much WIP (disclaimer)



Canonical world models



World models, based on interfaces
Channels associated with an interface

An agent-environment interface is a pair of finite sets,  such that .


Three associated channels:


• environment channel 


• agent channel 


• joint process “channel” 

(𝒜, 𝒪) |𝒜 | ≥ 2, |𝒪 | ≥ 2

O: ∣ A:

A: ∣ O:

(A, O): ∣ 1:



Environment models
Things like

• Belief MDPs


• Bisimulation equivalences for abstractions


• Predictive state representations


• Models maximising empowerment


• AIXI


• …



Agent (self) models
Things like

• Policy distillation


• Body-schema


• Behavioural cloning


• Models maximising plasticity


• Self-AIXI


• …



Joint (embedded) models
Things like

• Embedded agency


• … and attempts to implement it



Epsilon transducers and machines
“Canonical” := unique, minimal, unifilar transducer

Let  be a channel.


Its -transducer is the the channel’s unique, minimal, unifilar (transducer) presentation of the channel, 
 where  are causal states defined by a surjective map  given by 

 with the equivalence relation  of pasts:


.


The -map induces dynamics  given by:


.


An -machine is the -transducer for the channel with trivial inputs .

Y: ∣ X:

ϵ
(𝒮, 𝒳, 𝒴, 𝒯) 𝒮 ϵ : (𝒳, 𝒴):t → 𝒮
ϵ ((x, y):t) = s = {(x, y)′￼:t ∣ (x, y):t ∼ϵ (x, y)′￼:t} ∼ϵ

(x, y):t ∼ϵ (x, y)′￼:t ⟺ Pr (Yt: ∣ Xt:, (X, Y):t = (x, y):t) = Pr (Yt: ∣ Xt:, (X, Y):t = (x, y)′￼:t)
ϵ 𝒯 = {T(y∣x)}x∈𝒳,y∈𝒴

T(y∣x)
s→s′￼

= Pr (St+1 = s′￼, Yt = y ∣ St = s, Xt = x)
ϵ ϵ Y: ∣ 1:



Canonical world models
= epsilon transducers of appropriate channels

Given


• environment channel 


• agent channel 


• joint process “channel” 


define -transducers for them.

O: ∣ A:

A: ∣ O:

(A, O): ∣ 1:

ϵ



If you know RL more than compmech
Example: Predictive state representations (PSRs)

• PSRs approximate canonical environment models for finite sets of finite observation 
continuations and finite histories


• We define counterparts for agent and joint models



Some results (paper)



Relating different models

Predicting the environment  predicting the 
agent/self  predicting the joint


 causal states of environment  causal states 
of the agent/self  causal states of the joint


(Check toy model in the paper)


Tldr; learning about an environment and an agent 
without knowing if/how they interact is like 
learning a product of two independent processes, 
cf. Simplex work on factored representations 

≠
≠

⟹ ≠
≠



Support restriction



Coupling agent and environment

Start from the joint/embedded model of 
coupled agent-environment system


Define support-restricted models via totalisation 
of partial channels


Canonical support-restricted environment and 
agent are coarse-grainings of the canonical 
joint model (Theorem 18 for environment)


Connected to good regulator results



Some experiments (WIP)



With or without latents
In RL, belief MPDs vs. PSRs

Without latents: 


• start from a channel, 


• define causal states and transitions 
between them, 


• get the -transducers 


• things like: PSR-y things approximations

ϵ

With latents: 


• start with a transducer, 


• define beliefs over the states of the 
transducer and transitions between them, 


• get the mixed-state presentation that 
perform Bayes updates like a belief MDP


• things like: belief MDPs



Canonical world models with latents
= mixed-state presentations of transducers of appropriate channels

Given


• the environment CHMM ,


• the agent CHMM , and 


• the joint process HMM .


define mixed-state presentations for them.

A × M → Δ(O × M)

O × E → Δ(A × E)

M × E → Δ(A × O × M × E)



Generating process
Some ideas from Simplex, revisited

vs.



Slightly more formally
Kernels and their compositions

vs.



RL-like loop
Task for RL agent: make m = o

Environment


, with 


Mess3 with , defining 


Actions change dynamics of Mess 3, defining 
 which permutes ’s rows.


W : 𝒜 × ℰ → Δ(𝒪 × ℰ) W(a)
o = PaFo

α = 0.60, x = 0.15 Fo

Pa Fo

Praise  = (
1 0 0
0 0 1
0 1 0), Plower  = (

0 0 1
0 1 0
1 0 0), Phold  = I

Agent 


, with 



Policy 
 

with 


Transitions  depend on , and in turn on 

G : 𝒪 × ℳ → Δ(𝒜 × ℳ)
G (a, m′￼ ∣ o, m) = π(a ∣ o, m)Ua

m,m′￼

π(a ∣ o, m) = 0.09 + 0.731 [a = a∗(m, o)]
a∗(m, o) =

 raise , m < o,
 lower,  m > o,
 hold,  m = o .

Ua a o



Toy transformer
Task for transformer: many, see next

tokens → embeddings → B0 → B1 → B2 → B3 → final norm → token logits

[BOS, OG
t , AG

t , AW
t , OW

t+1, …]

learned 120-dimensional token embedding + 
120-dimensional positional embedding

causal attention, 3 heads ×40 +  
ReLU MLP, 120 → 480 → 120

LN

  + softmaxℝ120 → ℝ8



Seven models
Same architecture, different training

Trained to predict:


• Nothing (T0)


• Open-loop data


• Env, 


• Agent, 


• Joint, , 

P(Ot+1 ∣ O:t, A:t)

P(At ∣ O:t, A:t−1)

P(Ot+1 ∣ O:t, A:t) P(At ∣ O:t, A:t−1)

• Closed-loop data


• Env, 


• Agent, 


• Joint, , 

P(Ot+1 ∣ O:t, A:t)

P(At ∣ O:t, A:t−1)

P(Ot+1 ∣ O:t, A:t) P(At ∣ O:t, A:t−1)



Predictions about the environment
Showing  from frozen “observation head”P(Ot+1 ∣ O:t, A:t)

P(Ot+1 ∣ O:t, A:t)

P(Ot+1 ∣ O:t, A:t)

P(At ∣ O:t, A:t−1)

P(At ∣ O:t, A:t−1)

P(At ∣ O:t, A:t−1)P(Ot+1 ∣ O:t, A:t)

P(At ∣ O:t, A:t−1)P(Ot+1 ∣ O:t, A:t)

(Training)

(Training)



Predictions about the agent
Showing  from frozen “action head”P(At ∣ O:t, A:t−1)

P(Ot+1 ∣ O:t, A:t)

P(Ot+1 ∣ O:t, A:t)

P(At ∣ O:t, A:t−1)

P(At ∣ O:t, A:t−1)

P(At ∣ O:t, A:t−1)P(Ot+1 ∣ O:t, A:t)

P(At ∣ O:t, A:t−1)P(Ot+1 ∣ O:t, A:t)

(Training)

(Training)



Beliefs about the environment
Showing , ridge reconstruction after bE

t = P(Et ∣ O:t, A:t−1) B3

P(Ot+1 ∣ O:t, A:t)

P(Ot+1 ∣ O:t, A:t)

P(At ∣ O:t, A:t−1)

P(At ∣ O:t, A:t−1)

P(At ∣ O:t, A:t−1)P(Ot+1 ∣ O:t, A:t)

P(At ∣ O:t, A:t−1)P(Ot+1 ∣ O:t, A:t)

(Training)

(Training)



Beliefs about the agent
Showing , ridge reconstruction after bM

t = P(Mt ∣ O:t, A:t−1) B3

P(Ot+1 ∣ O:t, A:t)

P(Ot+1 ∣ O:t, A:t)

P(At ∣ O:t, A:t−1)

P(At ∣ O:t, A:t−1)

P(At ∣ O:t, A:t−1)P(Ot+1 ∣ O:t, A:t)

P(At ∣ O:t, A:t−1)P(Ot+1 ∣ O:t, A:t)

(Training)

(Training)



Support restriction, intuitevely
Orange: open loop/full support, blue: closed loop/support restricted



Correlation on factored beliefs
Reconstruction by a single affine map: not ok vs ok-ish

ℬopen ≈ ℬM × ℬE ℬclosed ⊊ ℬM × ℬE



Reconstruction of closed-loop setup



Environment beliefs without explicit training?
Model trained on P(At ∣ O:t, A:t−1)

Linear regression 
from post-B3 to 
the joint belief

Product of linear 
regressions from 
post-B2 (env) 
and post-final-
normalised-B3 
(agent)

Product of linear 
regressions from 
post-B3 (env) 
and post-B3 
(agent)



Take home messages
& Open questions

Learning environment, agent and joint models


Joints made of coupled models have more information 
(the coupling)


• Are these agent models self models, in some 
meaningful sense?


• Does learning about predicting actions (observations) 
make a model better at predicting observations 
(actions)?


• Theory: WIP


• No, if the models are uncoupled


• ?, if the models are coupled


