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Abstract

World models are a central component of model-based reinforcement learning.
They are usually discussed in terms of what variables they predict, such as observa-
tions, rewards, states, latent or information states. We argue that there is a prior
distinction: which channel they model. We consider three cases: the environment
channel O. | A., the agent channel A. | O., and the realised joint process (A4, O).,
equivalently viewed as a channel with no inputs. Using computational mechan-
ics, we define canonical predictive models for these three cases as e-transducers
or e-machines. Canonical environment models recover standard predictive state
representations, while the other two give analogous notions of canonical models
for the agent and the joint system. We then build canonical support-restricted
environment and agent models induced by closed-loop coupling, whose predictive
equivalences range over continuations supported by the realised interaction. The
key structural result is that canonical support-restricted environment states factor
through the canonical joint causal states, and their transition structure is induced
directly from the joint model; the agent-side construction is dual. Finally, we give
a POMDP/controller example in which the unrestricted environment model has
infinitely many states while the canonical support-restricted model induced by the
coupling is finite. The framework clarifies what different world models are models
of, and how coupling and support restriction can change their canonical predictive
structure and complexity.

1 Introduction

World models are a central construct of modern (deep) reinforcement learning [20, 35, 15, 22]. Their
formalisation usually relies on state or action-state abstractions, focusing mostly on fully-observable
models [46, 1]. While often focused on modelling environments [42, 15], world models of different
kinds have increasingly emerged as relevant for agents to model themselves [21, 27], other agents [64],
joint agent-environment [37] or even more complex systems [65].

This proliferation suggests that world models should be distinguished not only by which variables
they predict, see e.g. [42] for world models of the environment, but also by which channel they
model. In the setting of agent-environment interaction, we consider three cases: the environment
channel O. | A, the agent channel A, | O., and the realised joint process (A, O)., equivalently
viewed as the null-input channel (A, O). | 1., i.e. a channel with trivial inputs (1 = {x}). These
answer different predictive questions: how future observations depend on future actions, how future
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actions depend on future observations, and what future action-observation traces are generated by the
coupled interaction itself. They are not just different target variables for the same kind of model, as
in e.g. [42]. They induce different causal equivalence relations, and therefore different notions of
abstraction, model complexity, and use cases.

Distinguishing these channels and their corresponding models can be useful for different purposes.
For Al interpretability, understanding what RL agents effectively model, either by construction, or as
a side effect of a particular architecture, loss function, or training method, is an open challenge [7, 13].
This is particularly important for evaluating and supervising how RL agents form and use world
models and beliefs of different kinds for decision making. Making the channel explicit is especially
important for interpretability. Before asking whether the latent state learned by an Al model is a
belief state, a predictive state, or an abstraction of some model, one must ask what it is a state of:
a model of the environment channel, the agent channel, or the realised joint process. A latent state
that is sufficient for predicting future observations under given actions need not be sufficient for
predicting the agent’s own future actions, and neither need coincide with a minimal state of the
realised closed-loop interaction.

Various approaches, inspired by formal verification methods and logic [13], control theory [62],
and neuroscience [39], among others, have been proposed to this end, taking advantage of different
features and guarantees provided by each of these frameworks. More recently, computational
mechanics [12, 56], an approach with the goal of understanding the mechanics of computation and
information processing, has provided a formal background and semantics to understand world models
and abstractions for agents and machine learning models solving various tasks [54, 50, 8, 49, 47, 44,
53]

In this work we extend the approach of [50] focused on the environment channel, and propose a
systematic characterisation of canonical predictive models organised by the channel they model.
In section 2 we introduce canonical environment, agent, and joint models using e-machines and
e-transducers, with more technical background in appendix A. On the environment side, this recovers
predictive state representations used to build models without relying on given latent variable represen-
tations, with predictive states as equivalence classes of histories are identified by the predictions they
assign to future action-observation tests [34, 58]. We apply the same criterion to the agent channel
and to the realised joint process, giving canonical states for policy behaviour and coupled interaction
as well as for environment dynamics. In section 3 we then show how closed-loop coupling induces
canonical support-restricted environment and agent models, whose predictive equivalences range
over continuations supported by the realised interaction. This captures a precise interpretation of
world models that represent only the possible interactions that an agent has with its environment.
These models are in general simpler because they don’t include all the possible (counterfactual)
ways an agent and environment could have interacted with under different circumstances. The main
structural result is that the non-sink canonical support-restricted environment states factor through
the joint causal states, with transitions induced from the joint model, and the agent-side construction
is dual. This is not true in general for the case without support restriction, unless more assumptions
are introduced. In section 4 we review related work before a few final discussion points are brought
out in section 5.

Contributions. Our contributions are three-fold. First, we extend the viewpoint behind predictive
state representations of environments to the other channels over the same interface of an agent-
environment interaction, an agent channel and a joint process seen as a channel with trivial inputs,
see definition 2. In this way, the (latent) states of a model are defined by different equivalence
relations of action-observation histories based on their predictive content, rather than assumed to
be given by a particular hidden-state presentation. This gives an input-output analogue for policy
behaviour and an autonomous predictive-state model for the realised joint process. For reinforcement
learning, this separates the information necessary for planning from that needed for modelling a
policy or an on-policy rollout, by defining different different states depending on the task. This
formalises the informal idea that states sufficient for predicting future observations are in general
not the same as those sufficient for predicting future actions, or future action-observation pairs. For
mechanistic interpretability, it gives instead reference targets for asking what kind of predictive state
a learned representation implements. This means, for instance, that we can extend existing work
on beliefs about the environment of AI models such as transformers [54, 49, 47, 44, 53] to look for
beliefs the AI model might have about itself or its interaction with the environment. Second, we
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(a) Environment model. (b) Agent model. (c) Joint model.

Figure 1: Different kinds of world models, represented pictorially. The joint model represents the
realised coupled action-observation process.

define canonical support-restricted environment and agent models induced by a fixed closed-loop
coupling definition 14 and table 2. This identifies when a model is being queried outside the support
of the realised interaction, and distinguishes counterfactual world modelling from policy-conditioned
prediction. Third, we show that the support-restricted environment model is always determined by
the joint model: the joint model determines its non-sink states and transition structure, with only the
totalisation sink added theorems 16 to 18. This shows why compact closed-loop prediction need not
imply a compact unrestricted model.

2 Canonical models

This section introduces the mathematical setup used to characterize the interaction between an agent
and its environment. Specifically, we formalise the predictive semantics of these interactions by
defining canonical environment, agent, and joint models in terms of computational mechanics tools.

In the following, uppercase letters (e.g. X, Y") are used to denote random variables and lowercase
(e.g. z,y) their realisations, calligraphic letters (e.g. X', )) denote the sets over which they take
values, and the symbol A (as in A(X), A())) is used to denote the collection of all distributions over
those sets. We use the shorthand notation p(z | y) = Pr(X = 2 | Y = y) to express probabilities
when there is no risk of ambiguity, and assume that equalities of the form p(x | y,2) = p(z | y)
hold for all realisations that can take place with non-zero probability. N = {0, 1,2, ...} corresponds
to zero-based numbering, and we use the following abbreviations: @it = (¢ ...,Trtr0-1),
T.p = T_oorts T: = L0, ANd T, = T _0.00. Note that the left index is always inclusive, the right
always exclusive. We will often treat an autonomous stochastic process X. as a channel with a trivial
input alphabet 1 = {x}, identifying X. with the null-input channel X, | 1. when convenient.

We initially consider how agents and environments interact over a given interface with observation
symbols O; € O and action symbols A; € A.

Definition 1 (Agent-environment interface [41, 2]). The interface is a pair of finite sets, (A, O) such
that |A| > 2,|0| > 2.

The predictive objects considered in this work can be described using channels: two channels as
in [18], together with the realised joint process viewed as a null-input channel.

Definition 2 (Predictive channels over an agent-environment interface). For an interaction over
the interface (A, ©), we consider three associated channels, the environment channel O. | A.
which predicts observations from actions, the agent channel A. | O. which predicts actions from
observations, and the realised joint process (A, O)., written as the null-input channel (A4, O). | 1..
Next, we define the corresponding canonical models in terms of causal states for these three channels.
These should be seen as optimal, in the computational mechanics sense of unique, unifilar, minimal
and predictive, world models for different channels, extending intuitions and classifications applied
to environment models (fig. 1a), see e.g. [42], to agent (fig. 1b) and joint (fig. 1c) models.



Channel Description  Input process  Output process Goal

0. | A, environment A. 0. predict observations from actions
A, | O, agent 0. A. predict actions from observations
(A4,0).|1. joint 1. (4,0). predict realised coupled traces

Table 1: Channels studied in this paper. The channel, rather than only the predicted variables,
determines what kind of world model is being defined.

2.1 Canonical environment model

We now define the environment’s channel causal states, ST, see appendix A, with an equivalence
relation ~ g of histories of actions and observations. For simplicity, we write H.;, = (A, O).; for
action-observation histories, with realisations h.; and history space #.;. The equivalence relation is:

h:t ~E h/t — Pr(Ot: | At:aH:t = h:t) = Pr(Ot: | At:7H:t = hlt) (1)
and it induces a surjective map eg : H.; — S¥ given by eg(h.) = s = {h!, | hy ~g R/}
These causal states are minimal sufficient statistics for prediction of future observations given future
actions and past actions and observations, see section A.1.2. Notice how conditioning on A;. in
the environment channel is part of the predictive equivalence quantifier: it enforces equality of
predictive behaviour for all possible future input continuations. This is particularly relevant when the
environment is later coupled to an agent: the coupling may support only a subset of possible future
input continuations, leading to a different partition of histories, see section 3.

The ep-map induces dynamics over causal states captured by stochastic matrices 75 =
{T(Ola)}oeo,aEA giVCIl by

TG = Pr(SE, = 5.0, = 0| SF = 5", A, = a). )

Definition 3 (Canonical environment model). A canonical environment model is the e-transducer
(A, 0,8F,TF) of the environment channel O, | A..

Remark 4 (Relation to predictive state representations). The canonical environment model can be
read as the all-tests, presentation-independent semantic for idealised predictive state representations.
This relation has been noted in, among others, [55, 63, 50]. In the predictive state representation
literature, a test is a finite future action-observation experiment: future actions are supplied as inputs,
and the model predicts the probability of the corresponding future observations [58]. A predictive
state representation represents a history by the predictions it assigns to such tests, here the causal
state is the equivalence class of histories that agree on all future tests. Finite-dimensional predictive
state representations typically choose a finite set of core tests or a particular presentation, whereas the
e-transducer gives the optimal minimal unifilar presentation of the environment channel.

2.2 Canonical agent model

Consider an agent’s causal states, S™, defined by the equivalence relation ~ y;:
hi ~a hly <= Pr(Apgr: | O, Hy = hy) = Pr(Agqy. | Op, Hy = hly) (3)

inducing a surjective map ey : H.; — SM given by eps(h.) = s™ = {h!, | h.t ~ar b, }. These
causal states are minimal sufficient statistics for prediction of future actions given future observations
and past actions and observations, see section A.1.2. The shift from O; to A, reflects the convention
that the current observation is treated as the input for the agent’s next action. The €,,-map induces
dynamics over causal states captured by stochastic matrices 7™ = {T(“‘O) YacA.0co given by:

T o =Pr(SM, =M, Ay = a | SM = M0, = 0). )

S

Definition 5 (Canonical agent model). We define a canonical agent model to be the e-transducer
(0, A,8M TM) of an agent channel A. | O..

The canonical agent model is obtained by applying the same predictive-state construction to the agent
channel A. | O. that predictive state representations apply to the environment channel O, | A..



Remark 6 (Action-predictive state representations). For the environment channel, a finite test fixes a
future action word and asks for the probability of a future observation word. For the agent channel,
the corresponding agent-side test fixes a future observation word and asks for the probability of a
future action word. Concretely, for finite words 0.4+, and @y1:4+1+1,

PT(At+1:t+L+1 = Gt41:t+L+1 | Ot:t+L = 0t:t+L7Hzt = h:t)~ (5)

Thus two histories are agent-causally equivalent when they give the same predictions for all such
future observation-action tests. In this sense, the canonical agent model is a predictive-state model of
policy or controller behaviour: it represents histories by how the agent would act under all possible
future observation continuations.

As in the case of the environment channel, conditioning on Oy. is part of the predictive equivalence
quantifier: it compares predictive behaviour across all possible future input (observation) contin-
uations. This does not mean that the agent observes the future. In section 3, we instead consider
support-restricted variants, where only observation continuations supported by the coupled environ-
ment are considered. If one further weights or selects observation continuations by desirability, related
constructions connect to control-as-inference [28], planning-as-inference [31], and active-inference
perspectives [4, 38].

2.3 Canonical joint model

Finally, we consider joint agent-environment models. This is inspired by the idea of embedded
agency [14], where agents model themselves as part of a world that includes them and their environ-
ment. Following the convention introduced above, the joint process can also be viewed as a null-input
channel, (A, O). | 1.. Unlike the environment and agent channels, however, it has no non-trivial
exogenous input: it describes the realised coupled action-observation autonomous process. We start
defining an equivalence relation ~ ; of the joint pasts given by:

h:t ~J h/t < PI‘((A,O)t: ‘ H;t = h;t) = PI'((A,O)t: | H;t = h’/t) (6)

which gives a surjective map € : (A x O).; — S” defined by €s(h.;) = s7 = {h!, | h.y ~5 h!,}.
The resulting states S J are the causal states of the joint e-machine [6]. Transitions between these
causal states are given by stochastic matrices 77/ = {T ("”0)}((1,0)6 AxO:

TG =Pr(S),, =57, (4,0); = (a,0) | 5] = 57). )

—S

Definition 7 (Canonical joint model). A canonical joint model of the joint process (A, O). is the
unique minimal unifilar machine presentation given by the tuple (A x 0,87, T7).

Remark 8 (Joint predictive states and policy-induced processes). Under the null-input-channel con-
vention, the joint model is the autonomous counterpart of the environment and agent channel models.
Its causal states represent histories by their predictions of future action-observation traces, rather than
by predictions of future observations under action inputs or future actions under observation inputs.
In a fully observable MDP with a fixed policy, this reduces to the familiar policy-induced Markov
chain, or Markov reward process if rewards are included [59, 45]. More generally, coupling a par-
tially observable environment to a policy or finite-state controller induces an autonomous stochastic
process over action-observation traces [36, 30]. The joint model is the canonical minimal predictive
presentation of this realised process.

2.4 Relations among the three canonical models

Since the environment, agent, and joint models are all built from the same action-observation histories,
one might expect their causal states to coincide, or at least to be related by a simple construction.
This is not true in general. The reason is that the three models are minimal for different prediction
problems: the environment model predicts future observations under future action inputs, the agent
model predicts future actions under future observation inputs, while the joint model predicts future
action-observation traces of the realised coupled process. These are different equivalence relations on
histories, cf. eqs. (1), (3) and (6), and therefore need not induce the same partition. We introduce a
running example to illustrate this point.



The example is deliberately minimal, but it isolates a common pattern in reinforcement learning.
In partially observable environments, arbitrary (counterfactual) action continuations can require
tracking a rich belief state, while a particular policy, controller, action mask, option structure, or
dataset support may realise only a much smaller language of continuations. Thus a model of the
environment under arbitrary action inputs can have a different predictive structure from a model of
the action-observation traces generated by a fixed coupling. This means that a compact representation
learned from rollouts need not be a representation of the full counterfactual environment dynamics;
it may instead encode the realised policy-environment process. The binary construction below is a
small illustration of this phenomenon.

Example 9. Consider a binary environment with latent state F; € {0, 1}, binary actions, and binary
observations. Action 0 resets the next latent state to a fair coin, while action 1 holds the latent state
fixed. The observation is a noisy readout of the new latent state, with noise parameter € (0,1/2).
For the unrestricted environment channel O. | A,, arbitrary future action continuations must be
considered. In particular, arbitrarily long runs of action 1 generate infinitely many distinct posterior
beliefs over E;. These posterior beliefs give different predictions for future observations, and hence
correspond to infinitely many distinct environment causal states. Now couple this environment to a
deterministic finite-state controller with memory states {«, 3,~}. The controller emits action 0 in
state «, and action 1 in states 5 and . Its memory update is such that, after a reset, it performs one
hold action and sometimes one further hold action before returning to reset. As an agent channel
A, | O., this controller has only finitely many causal states: its finitely many memory modes are
predictively sufficient for future action prediction. The realised joint process is also finite-state. Once
the controller is coupled to the environment, arbitrarily long hold continuations are no longer realised.
Only finitely many posterior configurations appear in the coupled action-observation process, and the
joint e-machine has finitely many causal states. Thus, in this example, the unrestricted environment
model is infinite, the agent model is finite, and the joint model is finite.

In this example, we can see that the joint model cannot easily obtained simply by identifying the
causal states of the environment and agent models, because these are sufficient statistics of histories
for different future predictions, nor by taking an obvious product, sum, or monotone combination
of their state spaces. A product bound can, for instance, be recovered after adding extra structure,
see appendix D. In general however, the separately defined environment and agent causal states
need not retain the correlation, timing, or support information required for the pair (SF, SM) to be
sufficient for predicting the realised joint process. Moreover, in examples such as the one above, the
bound is not informative because the unrestricted environment model is already infinite.

The next section shows that a more robust relation appears after support restriction. While the
unrestricted models are not related in any obvious way, the canonical support-restricted environment
and agent models induced by the realised coupling do factor through the joint model.

3 Canonical support-restricted models from closed-loop coupling

The canonical environment and agent models of section 2 are unrestricted channel models: their causal
equivalences compare predictive behaviour under arbitrary future input continuations. In a realised
closed-loop agent-environment interaction, however, not all such continuations are supported [23, 9].
An agent may be limited by its policy class, controller, embodiment, action mask, or choices, see fig. 2.
Dually, an environment restricts which future observation continuations are available to the agent.
We call the resulting models canonical support-restricted models. We first give the environment-side
construction. The agent-side construction is obtained dually by exchanging actions and observations.

The natural support-restricted environment object is initially partial. For an ordinary history, the
realised coupling determines which action queries are supported. On supported action queries, the
environment-side prediction is the ordinary conditional observation law induced by the joint process.
On unsupported action queries, no ordinary environment prediction is defined by the realised coupling.
We totalise [57, 25] this partial channel by adjoining a symbol L, which is emitted by the totalised
channel when an action query is unsupported. Intuitively, an action can be unsupported because the
coupled agent cannot execute it, its controller or policy assigns it zero probability, or it is excluded by
an action mask or other constraint.

Let O :=OU {L} be the augmented observation alphabet, and let the set of extended histories be
H.. = (A x O).;. Call hy € H.; ordinary if it contains no occurrence of L. In that case we identify



e
(a) Canonical environment model. (b) Canonical support-restricted environment model.

Figure 2: Unrestricted and support-restricted prediction. The unrestricted model considers arbitrary
future continuations through the interface, including counterfactual paths not generated by the coupled
agent, i.e. for instance paths on a map that an agent doesn’t consider or never takes. The canonical
support-restricted model keeps only continuations supported by the realised coupling: unsupported
queries are marked as failures and sent to the totalisation sink L.

it with the unique ordinary history h.; € H.; having the same symbols. To make the domain of this
partial channel explicit, we first define which finite future action continuations are supported by the
realised joint process at a given ordinary history. This finite-horizon definition describes the support
language of the coupling. The one-step case is then used to define the transition kernel below, because
the support-restricted channel is specified one queried action at a time.

Definition 10 (Realisable action continuations). For an ordinary history h.; € H.; and k € NT, the
set of k-step realisable action continuations is

Ak (h) = {at:t+k € AF ’ Jor.t4k € OF Pr((AaO)t:tJrk = (a,0) .1k | Hip = h:t) > 0}- 3

An infinite future action continuation is realisable, in the cylinder-support sense, when all of its
finite prefixes are realisable: a;. € Aoo(hy) <= ap.i1k € Ag(h) forall k € NT. The one-step
realisable action set, used in the transition kernel below, is the case & = 1:

Ai(hy) ={a€ A|Jo€ O:Pr((4,0) = (a,0) | Hy = hy) > 0}. )

Equivalently, with the marginal g(a | h.) = >
a € Ai(hy) < q(a|hy) > 0.

veo Pr((4,0); = (a,0) | Hy = hy), we have

The finite-horizon sets A (h.;) describe the future action support induced by the realised coupling.
The one-step set A (h.¢) is enough for the recursive transducer definition: after a supported action and
an ordinary observation, support is recomputed at the next step. If a queried future action sequence
first leaves this support, the totalised channel emits | at that step and then remains in the sink. For
k = 1, this recovers the usual on-policy action support when the realised joint process is generated
by a fixed policy coupled to an environment.

Example 11 (On-policy one-step actions). Suppose the realised joint process is generated by coupling
an environment with a policy 7(a | h.;) = Pr(A; = a | H.; = h.;). If the one-step joint law factors
as PI‘((A, O)t = (a,o) | H:t = h:t) = 7T(CL | h:t) PI‘(Ot =0 | H:t = h:tyAt = a), then

Ai(hy) ={ac A|lnm(a|hy) >0andJoe O:Pr(Oy=0| Hy = hy, Ay =a) >0}. (10)

In the usual case where the environment produces some observation with nonzero probability after
every action in the support of 7, this reduces to

A (h.t) =suppw(- | h). (11)
Thus, for a deterministic policy, the one-step realisable action set is the singleton containing the
on-policy action: A;(h.;) = {m(h+)}.
Definition 12 (Support-restricted environment channel). The support-restricted environment channel
O. | A, is defined on extended histories h.; € H.; as follows:



1. if Et contains an occurrence of L, then for every a € A, Pr(ét = 1| A4 = a, fI;t =
) = 1.

2. if E;t is ordinary, identified with h., € H.;, then for every a € Aand o0 € 6,

Pr(ét = 5| At = CL,f:’VI;t = h;t>
PI'((A,O)t = ((1,0) | H;t = h:t)
ZEEO PI‘((A, O)t = (CL, 6) | H;t = h;t) ’
1, ifo=_1Landa ¢ A;(hy),
0, otherwise.

ifo=o0€ Oanda € A;(hy),

Proposition 13 (Totalisation of the partial channel). The channel of definition 12 is the totalisation
of the partial support-restricted environment channel induced by the realised joint process. On
realisable actions it agrees with the ordinary conditional observation law induced by the joint process.
On unrealisable actions it emits 1, and after 1 has occurred all future outputs are L.

Proof. This follows directly from the two clauses of definition 12. O

We now define the canonical predictive states of this channel in the standard way. For extended
histories h.t, h!; € H.4, write

h:t ~Nesr— B E/t — Pr(ét: | At:aﬁ:t = E:t) = Pr(ét: | At:»ﬁ:t = E/t) (]2)

Letes,_g(hy) = [ﬁ;t]Né‘ _, and ST—E = ﬁ:t/ ~e.._ - The induced transition matrices are

T = Pr(S7F = 5,0, =6 | 7P =5, A = a). (13)

s—s’

Definition 14 (Canonical support-restricted environment model). The canonical support-restricted
environment model is the e-transducer (A, O, S~ F T35~F) of the support-restricted environment
channel O. | A..

This e-transducer always contains a sink state, which is the equivalence class of all extended histories
containing at least one occurrence of L, generated by an unsupported action query.

Proposition 15 (The totalisation sink). All extended histories containing at least one occurrence

of L belong to the same causal state, denoted by sf. It is absorbing, and for every a € A,
Tsr—E,(L|a) -1

sf—)sf :
Proof. See appendix B. O

The canonical support-restricted agent model is defined dually, by restricting future observation
continuations to those supported by the realised coupling and totalising unsupported observation
queries with an agent-side sink. Interestingly, the restrictions of future actions for the environment
and of future observations for the agent model, which use information from the joint model, lead to
some interesting relations among these models, as proven next.

3.1 Relations among canonical support-restricted models and the canonical joint model

Here we look at the relations among these canonical support-restricted models and the canonical
joint model, proving a result that cannot be obtained for their unrestricted counterparts without extra
structure (e.g. a factorisation assumptions) as seen in appendix D. First we show that the non-sink
states of the canonical support-restricted environment are induced by the causal states of the joint
process.

Theorem 16 (Canonical support-restricted environment states factor through the joint e-machine
causal states). Let e; : H.; — S” be the causal-state map of the canonical joint model. If ordinary
histories h.., h!, € H.; satisfy €j(h.t) = €;(h,), this implies that €s;_g(h.t) = €sc—g(hl,). In other



words, there exists a unique surjective map ¢ : 87 — S=F\ {s¥} such that for every ordinary
hiStO?y h:t € H:t; 6srfE(hf:t) = w(GJ(h:t)); Le.

Hy —L—n S

o, b (14)

7\ {7}
Proof. See appendix B. O

This gives | ST F\ {sF}| < |S7|,i.e. |SF| < |S7| + 1 considering the totalisation sink. Thus
the ordinary canonical support-restricted environment states are quotients of joint causal states. The
transition structure is similarly also induced from the canonical joint model.

Theorem 17 (Transitions induced from the canonical joint model). Let s € S~ \ {s¥'} and
choose any s’ € 1~ 1(s). Write p’(a,0 | s7) = Pr((4,0); = (a,0) | S} = s”), and define
the marginal q(a | s7) =3 cop’(a,0| s7). Forp’(a,0|s”) >0, let 67(s’,a,0) denote the
unique successor joint state given by unifilarity. The transitions of the canonical support-restricted
environment model are given, independent of the choice of representative s’ € 1~1(s), by:

L Ifg(a|s’) =0, T 209 — 1 gng 75 FC — 0 foralio € O and s' € S~ F.

5—)5 s—>s’

2. Ifq(a]s?) >0, T B, (L) = 0forall s € S F and forall o € O,

s—s’
J

st—E,(ola) _ p(ao|s 1{s' =¢(67(s7,a,0))}, ifp’(a,0]s’) >0

TS_>S a | SJ ) ) Y ) )

0, ifp’ (a,0] 57) = 0.
3. For the sink state, for all a € A, TSEQ(M ) = 1. and Tszj,(a o) = =0forallo € O and

4
s’ e 8 F,

Proof. See appendix B. O

At this point the reconstruction has been proved component by component, but not yet stated as a
model-level consequence. Theorem 16 gives the non-sink state space from the joint causal states,
theorem 17 shows that the non-sink transition probabilities are functions of joint-state data, and
proposition 15 supplies the remaining sink state and its transitions. The next theorem packages these
pieces into the claim that the canonical joint model determines the entire canonical support-restricted
environment model.

Theorem 18 (Joint reconstruction of the canonical support-restricted environment model).
The canonical joint model determines the canonical support-restricted environment model
(A, 0,85 F T5=E) of definition 14. More explicitly, the interface fixes A, the totalisation construc-

tion fixes O = O U {L}, theorem 16 and proposition 15 determine the state space, and theorem 17
and proposition 15 determine the transition family.

Proof. See appendix B. O

The agent-side reconstruction is dual: exchanging actions and observations gives the corresponding
map from joint causal states to non-sink support-restricted agent states and the induced transition
structure.

The abstract construction above changes the future action continuations against which environment
histories are compared. To see this in practical terms, we return to the running example makes this
concrete: the ordinary futures retained by the support-restricted environment model are exactly those
compatible with the controller’s finite pattern of resets and holds.



Environment side

Agent side

All future con-
tinuations

Canonical environment model

Channel: O. | A.

Predicts future observations under arbitrary
future action continuations.

Canonical agent model

Channel: A. | O.

Predicts future actions under arbitrary fu-
ture observation continuations.

Realisable con-
tinuations only

Canonical support-restricted environ-
ment model

Channel: O. | A.

Predicts future observations under action
continuations supported by the realised
coupling, unsupported action queries emit
an environment-side L.

Canonical support-restricted agent
model

Channel: A. | O. (dually)

Predicts future actions under observation
continuations supported by the realised
coupling, unsupported observation queries

emit an agent-side _L.

Table 2: Environment and agent models along two axes. The horizontal axis distinguishes which
channel is modelled. The vertical axis distinguishes whether predictive equivalence ranges over all
future input continuations or only continuations supported by the realised coupling.

Support restriction in the running example. Recall (example 9) that the unrestricted environment
model is infinite because arbitrary hold continuations allow unbounded accumulation of evidence
about the latent environment state. The support-restricted construction considers a different object:
the environment model induced by the actual coupling to the finite-state controller. In this controller,
action 0 is realisable in mode «, while action 1 is realisable in modes /3 and . Thus, querying action
1 from histories in mode «, or querying action 0 from histories in modes 3 or -, is unsupported and is
sent to the sink state. The important mechanism is that the controller bounds hold continuations: after
at most two hold actions, it returns to reset. Therefore the canonical support-restricted environment
model never has to represent arbitrarily long hold continuations as ordinary futures. The realised joint
process has five causal states, see appendix C. The non-sink canonical support-restricted environment
states are their images under the factorisation map 1/ and are also five, see appendix C. Together with
the totalisation sink sf, this gives six canonical support-restricted environment states in the example.

This illustrates theorem 18. The example-specific mechanism is that the controller bounds the
supported hold continuations. The general point is that the ordinary canonical support-restricted
environment states are induced from the joint causal states, while unsupported action queries are
recorded by the sink. Thus the same setup can have an infinite unrestricted environment model but a
finite canonical support-restricted environment model induced by the realised coupling.

4 Related work

Most computational-mechanics treatments of world models in ML focus on the environment channel,
giving machine or transducer presentations of environment-side predictive structure [54, 50, 8, 49, 47,
44, 53]. This connects to observable operator models [26, 60], predictive state representations [34,
58], belief MDPs and bisimulation-style abstractions [50], while e-transducers give the canonical
minimal unifilar presentation of the environment channel [6]. AIXI also provides a Bayesian
environment-model perspective for exhaustive planning [24], and information-theoretic quantities
such as empowerment [29] and directed-information/plasticity constructions [2] similarly depend on
which agent-environment channel is being considered. Models of the environment are often simply
called world models [20, 15]. We however separate these from agent and joint models. Agent-side
predictive models are related to self-predictive universal Al [11], policy distillation [52], plasticity
as the dual of empowerment [2], and habit-formation models predicting actions from sensorimotor
histories [17, 16]. In partially observable RL, policies can be viewed as maps from histories to
actions [40], while finite-state controllers give explicit stateful presentations of such policies and
are often used to build or interpret recurrent policies [36, 30]; our agent model is the corresponding
canonical predictive-state construction for the channel A, | O.. Joint models relate to embedded
agency [14, 37], coarse-grainings between autonomous systems and open components, Bayesian
inversions based on the internal model principle [3, 5], and computationally embedded settings
such as universal-local environments [33]. Finally, support restriction is related to the distinction
between arbitrary counterfactual prediction and prediction under policy-, dataset-, controller-, or
coupling-induced support. On the environment side this is analogous to on-/off-policy and offline
model learning, where data may come from older policies, experts, teachers, or other sources that the
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current agent cannot reproduce [61, 51, 43, 32], and to adaptive offline RL outside the original data
support [19]. It also resonates with 7-bisimulations or on-policy bisimulations [10], which contrast
with standard bisimulation abstractions that quantify over all actions rather than only actions realised
by a policy.

5 Conclusions

In this work we introduced a formal characterisation of world models according to the channel they
model: the environment channel, the agent channel, or the realised joint process viewed as a null-input
channel. Using tools from computational mechanics, we defined canonical models that are unique,
minimal, and unifilar. On the environment side, this connects to predictive state representations and
belief-MDP-style abstractions, on the agent side, to action-predictive models, policy distillation,
and finite-state controllers, and on the joint side, to policy-induced processes and embedded-agency
perspectives.

By considering the realised joint process, we then defined canonical support-restricted environment
and agent models induced by closed-loop coupling. These models differ from ordinary canonical en-
vironment or agent models because their predictive equivalences are defined relative to continuations
supported by the coupling, with unsupported queries handled by totalisation. On the environment
side, we proved that the non-sink canonical support-restricted states factor through the joint causal
states, and that the transition structure is induced from the joint model. The example illustrates that
the same finite system can have an infinite unrestricted environment model but a finite canonical
support-restricted environment model.

This approach can be further extended to formalise situations when, for instance, an agent considers
agents other than itself, such as in behavioural cloning, or joint models of a different agent and a
different environment. An interesting avenue for future work is the application of our definitions
to the analysis of trained Al models, particularly when we move past the idealised scenarios of
canonical models treated here and consider what beliefs can be attributed to an Al system. This can
be achieved, for instance, using mixed-state presentations of both machines [48] and transducers [50],
which would yield agent- and joint-side belief-based counterparts of environment models such as
belief MDPs that could be used to identify more structure in, e.g. transformers [54, 49, 47, 44, 53].
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A Computational mechanics: a brief overview

A.1 Canonical models

A.1.1 c-machines

Initially, we consider a univariate bi-infinite discrete-time stochastic process of the form X, =
{X:}tez, on a finite alphabet X'. A stochastic process is specified by a consistent family of finite-
dimensional distributions

Pr(Xeitr = Teevr), Tppir € XL, (15)

forallt € Z and L € N*, where X' is the set of words of length L. Equivalently, a consistent family
of finite-dimensional distributions specifies probabilities for cylinder events in the space of bi-infinite
sequences X.. For a finite word 4., 1, € X', the corresponding cylinder is

[Teir) = {2 € X | whyyp = Toair}

The finite-dimensional probability Pr(Xy.;1; = 2y.41r) is then the probability assigned to this
cylinder. Under the usual consistency conditions, these cylinder probabilities determine a probability
measure on X..

A stochastic process X, is stationary if its finite-dimensional distributions are invariant under time
shifts, i.e. Pr(Xy.r = wo.) = Pr(Xo.p = wo.z) forallt € Z, L € N*, and x.;, € XL, From
here onwards, we only consider stationary processes. A presentation of this process can be given in
terms of a machine.

Definition 19 (Machine). A machine presentation of X. is given by a triple (X', Z, T ) where Z is
a state space and 7 are transition dynamics by Markov kernels (or stochastic matrices in the finite

case) T = {T®} e given by:
T ={T e, TV, =Pr(Ziy1 =7, Xi=2|2Z =2). (16)

zZ—z

When the process is time-independent, we simply write them as T_, s = TS@S,.

Intuitively, computational mechanics gives us a way to construct particularly interesting machine
presentations of a process. Informally, state variables are defined by forming a latent state space for
a stationary stochastic system X. by quotienting histories of X. into equivalence classes that have
identical predictive consequences. More formally, we define pasts and futures of X, as X.; and X;.
for all t € Z respectively, and an equivalence relation ~. given by:

L.t e "Eft <~ PI'(Xt: | X;t = iC:t) = Pr(Xt: ‘ X:t = x/t) (17)

The equivalence classes induced by ~. give the so-called causal states, forming a set S, with
associated random variables S;. This relation can equivalently be seen as induced by a surjective
map € : Xy — S given by e(z) = s = {2/, | ©4 ~ x/,}, with states s € S. Causal states
are minimal sufficient statistics for prediction [56]. Sufficient means that X;. 1 X | S; or
Pr(X: | X4) = Pr(X;. | S¢), and minimal that, for any other sufficient statistic Z;, Z; is a
refinement of S;. The e-map induces dynamics over causal states: given a realised past x.; and the
next emitted symbol ¢, the extended past .;11 = (x4, ;) determines the next causal state €(x.¢11).
The corresponding transition kernels 7 = {T(“") }zex are given by:

T(z)sl = PI’(St+1 = S/7Xt =T | St = S) (18)

S5—

Definition 20 (e-machine [56]). The e-machine of a stochastic process X is the process’s unique,
minimal, and unifilar (machine) presentation of the process, given by the tuple (X', S, T).
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A presentation is unifilar if and only if, for every state s € S and symbol z € X, there is at most one

next state s’ with nonzero probability, i.e. Vs, z,|{s : TS(ZC,) > 0}| < 1, such that H[Sy11 | X¢, St] =
0. In other words, a unifilar presentation includes transitions that are deterministic given the current
state and the emitted symbol, even though the symbol itself is generally random.

A.1.2 e-transducers

The above treatment has also been extended to input-output processes, or simply channels. Channels
can be seen as defining input-output couplings between stochastic processes. We consider univariate
bi-infinite discrete-time channels, Y. | X., with input alphabet X" and output alphabet ). A channel
assigns to each input sequence x. € X. a probability law over output sequences in ).. We write this
family of output laws as

Y: I X: = {Y ‘ x:}w;eX;a (19)

where Y. | z, denotes the output stochastic process induced by the fixed input sequence «.. For each
fixed x., the corresponding finite-dimensional laws are

PY(Y;::H-L | 33;) = {PI"(Yt:t+L = Yt:t+L | x:)}yt:t+LE)}L7 (20)

forallt € Z and L € N*. Here . is the input sequence supplied to the channel, not necessarily
an event of positive probability. Equivalently, for each fixed x., the channel specifies a probability
measure over output sequences,

PI‘(Y; | x:) = {PI‘(Y; eU ‘ I;)}Ugy:. 21

If an input process X. is also specified, the channel together with the law of X induces a joint process
(X,Y)., which can be marginalised to obtain an output process Y..

A channel Y, | X. is stationary if its finite-dimensional laws are invariant under simultaneous shifts
of input and output. That is, forallt € Z, L € N*,z. € X.,and y € Vi,

Pr(YVt:t+L =Yy ‘ :E:) - PI'(YE);L =Y ‘ (ithrz)zEZ)a (22)

where the right-hand side uses the same input sequence, shifted so that the symbols around time ¢ are
treated as the symbols around time 0.

Stationary channels maps stationary input processes into output stationary processes [6]. A channel
is causal, or anticipation-free, if future inputs beyond the output horizon do not affect the output law.
Equivalently, forallt € Z, L € NT,y € VL and input sequences ., z. € X,

Tip+L = wwa = Pr(Yiurr =yl z.)=Pr(Yerr =y | 35/) (23)
In this work we focus on stationary causal channels.

We can also give a different presentation of this channel using a transducer, as below.
Definition 21 (Transducer [50]). A transducer presentation of Y. | X, is given by a quadruple
(X,Y, Z,T) where Z is a state space and T are transition dynamics by Markov kernels (or stochastic
matrices in the finite case) 7 = {TW*)} ,c x ,cy given by:

TWl2) _ Pr(Zyy1 =2 Ys=y| Zt = 2, Xy = ). (24)

z—z! T

We then define an equivalence relation ~. of pasts of a channel Y, | X as:

(x’y)It ~e (x7y):t — Pr()/ti | X, (X’ Y):t = (x’y)ﬂf) = Pr(}/t: | X, (X7Y)It = (I7y);t2>5)

which gives a channel’s causal states. This relation can also be seen as induced by a surjective map
e: (X, V) = Sgivenby e((z,y)+) =s = {(x,9)}; | (x,9):t ~¢ (x,9),}. These causal states are
also minimal sufficient statistics for prediction of future outputs [6]. The e-map induces dynamics
over causal states captured by stochastic matrices 7 = {T(ylx) }rex yey given by:

Ts(ﬂi,) =Pr(Siy1=5Yi=y|S =5 X; =2). (26)

Definition 22 (e-transducer [6]). The e-transducer of a channel Y, | X, is the channel’s unique,
minimal, unifilar (transducer) presentation of the channel, given by the tuple (X, Y, S, T).
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B Proofs

Proof of proposition 15. If Et contains an occurrence of L, then by the definition of the channel,

Pr (@: = 1% A, H = h:t) = 1. Hence any two such histories induce the same future morph
(i.e. conditional distribution of futures) and therefore lie in the same causal state. The displayed
transition identity follows immediately from the same observation.

Proof of theorem 16. Let h.., h!, € M., be ordinary histories such that e;(h.;) = e;(h/,). By joint
causal equivalence (eq. (6)), for every L > 1 and every ordinary word (a, 0)s.¢47,—1 € (A x O)L,

Pr((A7O)t:t+L71 = (G,O)t:wlﬁl | H:= h:t)
= Pr((A, O)ttyr—1 = (a,0) 4401 | Hy = hft)- (27)

We now show that this joint-cylinder equality implies equality of the finite-dimensional laws of the
totalised support-restricted environment channel. Specifically, we prove by induction on L that, for,

every input word as.; 1 € AP, and every output word 04,1111 € OF, the previous equality
implies the following
Pr(Ot:tJrLfl = Op:t+ L1 | Aptyr-1 = aperr—1, He = h:t)
=Pr(Otitr-1 = Onsr—1 | Avern—1 = auerr—1, Hy = hly). (28)

Since the alphabets are finite, equality of all finite cylinders then implies equality of the full support-
restricted future morphs.

For L = 1, fix a € A and write

qn(a) = > Pr((4,0); = (a,0) | Hy = ha). (29)
o€

Joint causal equivalence gives equality of the corresponding one-step joint probabilities, and hence
gn(a) = qns(a). If this common value is zero, then a is unsupported at both histories and the totalised
channel emits | with probability one at both histories. If it is positive, then a is supported at both
histories and, for every o € O,

Pr((A,0); = (a,0) | Hi = hy)
qn(a) .

The same formula holds with A/, in place of h.;, with the same numerator and denominator. In this
supported case both histories emit | with probability zero. This proves eq. (28) for L = 1.

Pr(ét =0 | At = a,ITLt = h:t) = (30)

Now assume the claim holds for length L for every pair of ordinary histories with the same joint causal
state, and consider a word of length L + 1 from the fixed histories above. If the first output symbol
is L, then by totalisation all later output symbols must be L ; otherwise the word has probability
zero from both histories. If all later output symbols are L, the probability of the whole word is the
common one-step probability of emitting L under the first queried action, since after the first L the
sink emits | with probability one.

It remains to consider the case where the first output symbol is an ordinary observation o; € O. If
the one-step probability of the pair (a¢, o) is zero, then the whole word has probability zero from
both histories. Otherwise the same pair is realisable from both histories. Conditioning the equal joint
future laws on this common positive-probability prefix gives

€7(h,ap,00) = €5 (hly, ar, 04). 3D

The induction hypothesis applied to these extended ordinary histories gives equality of the conditional
probabilities of the remaining output word 044 1.4+, under the remaining input word a;1.¢+r. By
the chain rule, the probability of the whole length-(L + 1) word is the one-step probability of emitting
o; under input a; multiplied by the corresponding remaining-word probability. The one-step factors
are equal by the base case, and the remaining-word factors are equal by the induction hypothesis,
so eq. (28) holds for length L + 1.

This allows us to define a map from joint causal states to non-sink support-restricted environment
states. Given a joint causal state s7, choose any ordinary history h.; such that ¢ ;(h.;) = s, and
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set ¢(3J ) = €sr—g(h.). This definition is independent of the chosen representative: if another
ordinary history has the same joint causal state, the result just proved implies that it has the same
support-restricted environment causal state. Thus v is well defined. Moreover, every non-sink
support-restricted environment state is the state of some ordinary history, and that ordinary history
also has a joint causal state. Therefore every non-sink support-restricted environment state lies in
the image of 1), so 1 is surjective. Finally, the factorising map is unique. Suppose that )’ is another
map satisfying e;,_p = v’ o €; on ordinary histories. Let s/ € S”. Since € is surjective, there is an
ordinary history h.; with €;(h.;) = s7. Then ¢’(s”7) = ¢/(e;(h.t)) = €sr_r(h.t) = ¥(s7). Since
this holds for every s”, we have 1)/ = 1. O

Proof of theorem 17. The first point to check before reading the formulas from the channel definition
is that they do not depend on the representative s’ € 1)~!(s). Let s{,s7 € 1 ~1(s), and choose
ordinary histories hl, h% with e;(h%,) = s/ fori € {1,2}. Since both joint states map to s, these
histories have the same support-restricted environment causal state. Therefore the one-step output
laws of the totalised channel O. | A. agree from the two histories under every queried action.

Write
pi(a,0) =p’(a,0|s]),  a(a)=>_ pi(a,o). (32)
0€eO

By definitions 10 and 12, ¢;(a) = 0 exactly when the queried action a is unsupported from A%, in
which case the totalised channel emits L with probability one. Since the one-step output laws agree,
this unsupported case occurs for ¢ = 1 if and only if it occurs for ¢ = 2. Equivalently,

qi1(a) >0 <= q2(a) > 0. (33)

In the supported case, the same channel definition gives the ordinary output probabilities by normalis-
ing the joint one-step law:
Pr(O; = o| Ay = a, Hy = hY,) = pi(a,0) (34)
qi(a)

Equality of the one-step output laws therefore gives, for every o € O,

pl(aa 0) _ b2 (av 0) ) (35)

01(a) g2(a)
In particular, p (a, 0) > 0 if and only if p2(a, 0) > 0.

It remains to be checked that the successor state in the supported ordinary case also descends to the
quotient. Suppose p;(a,o0) > 0, equivalently p2(a,0) > 0, and let h?, | := (h!;, a, 0). Conditioning
the equal future morphs on this common positive-probability prefix gives

6srfl‘f(hzlwrl) = 6srfE(h:2t+1)~ (36)
By unifilarity of the canonical joint model,
GJ(h?thl) = 5J(5;J7 a, 0)' (37)
Applying v gives
¥(67(s7,a,0)) = ¢(67(s3,a,0)). (38)

Thus the branch condition, the ordinary output probabilities, and the successor support-restricted
state are independent of the chosen representative.

The transition formula now follows directly from definition 12. If ¢(a | s7) = 0, the queried action is
unsupported, so the channel emits | and moves to the sink with probability one. If g(a | s7) > 0,
the channel emits an ordinary observation o with probability

p’(a,0]s”)
q(a|s”)

If p’(a,0 | s7) = 0, the corresponding transition has probability zero; otherwise the successor state
is (5 T(s7, a, o)). The sink-state transitions are those of proposition 15. O

Pr(ét 0| A =a, S5 F = s) = (39
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Proof of theorem 18. The input alphabet is the original action alphabet .A of the joint interface. The
output alphabet is the totalised observation alphabet O = O U { L} introduced in definition 12.

For the state space, theorem 16 identifies the non-sink states as the quotient of joint causal states given
by the map ¢ : 87 — S~ \ {s¥}. Proposition 15 supplies the remaining state, the absorbing
totalisation sink s¥. Since every extended history is either ordinary or contains an occurrence of L,
these two parts give the whole state space S = (S5 \ {s¥}) U {sF}.

It remains only to specify the transition family 75"~ ¥. For non-sink states, theorem 17 gives
the transition probabilities for every queried action and every output in (5, and proves that these
probabilities are independent of the chosen joint-state representative. For the sink state, proposition 15
gives the absorbing transitions: every queried action emits | and remains at s with probability one.
Thus all entries of 75"~ are determined.

These four components are exactly the e-transducer (A, O , SST=E Ts1=E) of definition 14. O

C Running example

We spell out the running binary POMDP/controller example used in the main text. The example
separates the unrestricted environment model, the agent model, the realised joint model, and the
canonical support-restricted environment model. It also illustrates why the canonical support-
restricted model induced by the realised coupling can be finite even when the unrestricted environment
model is infinite.

Model Number of Reason
causal states
Canonical unrestricted envi- oo Arbitrarily long counterfactual hold continuations gen-
ronment model erate infinitely many posterior beliefs over the latent
environment state, and these beliefs are predictively
distinct.
Canonical agent model 3 The deterministic controller has three pairwise predic-
tively distinct memory modes, «, 3, 7.
Canonical joint model 5 The realised coupling reaches five predictive configu-
rations: s?, sél, séo, sin, Sim-
Canonical support-restricted 6 The five ordinary states are the images of the joint
environment model states under 1), together with the totalisation sink s¥.
Canonical support-restricted 4 The environment has full observation support in this
agent model example, so support restriction does not further merge

the controller’s three action-predictive modes (+ 1
totalisation sink s17).
Table 3: State-complexity summary for the running POMDP/controller example. The unrestricted
environment model is infinite, while the realised joint model and the induced canonical support-
restricted environment model are finite.

C.1 The setup: environment and agent

We consider a coupled system with binary actions and observations,
A=0=1{0,1}.

The environment has a hidden binary state E; € {0,1}. The agent is a deterministic finite-state
controller with memory state M; € {a, 8,7}. Ateach time ¢, the agent emits A; as a function of M,
the environment updates E},q according to A;, the environment emits O;, and the controller updates
M4 from (My, O;). The observed joint symbol is

Wt = (At70t) cAxO.
For the environment, fix a sensor noise parameter 1 € (0, %) The controlled transition is

a=0,

a=1. (40)

1
Pr(EtJrl =1 | Et = e,At :a) = {62’
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Thus action O resets the hidden state to a fair coin, while action 1 holds the hidden state fixed. The
observation is a noisy readout of the new hidden state:

PI‘(Ot =1 ‘ Et+1 = 1) =1- m, PI‘(Ot =1 | Et+1 = 0) =1. (41)
The controller emits actions according to
0 Mt =«
Ay =<7 ’ (42)
i {17 Mt S {677}
Its memory update is
57 Mt = Q,
, My=pBand O; =1,
My ={ 7 = pane O 43)

o, M;=pFand O; =0,
a, Mt =.
Thus the controller always resets in mode «, then holds in mode 5. If the observation after this hold

is 1, it holds once more in mode ~ before returning to reset. If the observation after the first hold is 0,
it resets immediately.

C.2 Canonical models

C.2.1 Canonical environment model

Let
pr =Pr(E,=1]| Hy=hy)
be the filtering belief after an action-observation history h.;. For a queried action a € A, define the
predictive prior
qt(a) = Pr(Et+1 = 1 | H;t = h:t7At = 0,).

By eq. (40),
7(0) = 3, q:(1) = ps. 44)
After observing O; = o, Bayes’ rule gives
1-— a
= T e T “
and
Pty1 = ng:(a) if o =0. (46)

nge(a) + (1 —n)(1 — q(a))
Under the hold action a = 1, the one-step predictive probability of observing 1 is
Pr(Oy=1|Hy=hy, Ay =1) = (1 —n)ps +n(1 — py)
=n+p(1—2n). 47)
Since 1 € (0, 3), the map p — 1 + p(1 — 2) is strictly increasing. Therefore two histories with

different beliefs p; # p; are distinguished by the counterfactual one-step input A; = 1, and so cannot
be equivalent environment causal states.

It remains to see that infinitely many such beliefs are reachable under arbitrary future action inputs.
Let
1—
S , r::7n>1.
I—pt n
Under repeated hold actions, the odds update as

L _ Lt?", Ot = la
EE LtT_17 Ot =0.

Starting from py = % so Ly = 1, after n hold steps with k observations equal to 1,

_ T2k_” _ (1 _ n)knn—k (48)
1 +T2k7n (1 77])]677’)17]6 +,,7k(1 77))717]6.

For example, taking & = n gives the infinite sequence L,, = ™. Hence there are infinitely many

distinct posterior beliefs, and each gives a distinct environment causal state by eq. (47). Thus the

unrestricted canonical environment model has infinitely many causal states.

Lti

2k—
Ln =T n7 Pn

20



C.2.2 Canonical agent model

Viewed as a channel A, | O., the deterministic controller has three causal states. Each memory mode
M, € {«, 8,7} determines the future action stream under any future observation continuation. The
three modes are pairwise predictively distinct.

Mode « differs from 3 and +y already at the current action: « emits 0, while 5 and y emit 1. Modes 3
and +y are distinct because under the observation O; = 1, 3 transitions to 7y, so A1 = 1, whereas ~y
transitions to «, so A;y1 = 0. Therefore

SM ={a,B,7}, |SM| = 3.

C.2.3 Canonical joint model

For the joint model, we consider the realised coupled process W; = (A, O;). The process is
generally not Markov on the emitted symbols alone, but it has a finite predictive presentation. The
relevant predictive configurations are determined by the controller mode together with the belief
values that can occur under the realised coupling.

After a reset from mode «, the latent state is a fair coin, so the next posterior is 1 — 7 after observing
1 and 7 after observing 0. From mode [, the controller holds once. Starting from the two beliefs n
and 1 — 7, if the observation is 1, the posterior becomes either

p(11) — (1- 77)2
(L=n)*+n?

from prior 1 — 7, or % from prior 7. If the observation is O, the controller returns to , where the next
reset makes the precise posterior irrelevant for future prediction. Mode ~ performs one further hold
and then returns to a.

Thus the realised joint process has the following five predictive states:

J_god oJ T T J
N *{Smsmasﬁoasylhsyoﬁ»

where
sl My =a,
Sél s My=p8,pr=1-n,
Séo : Mt:Ba pe =1,
5%11 : My =7, pp =p"Y,
S'yOl : Mt =7, Pt = %
Let

ci=1-n?+7’,  d=21-n), g=n+p"(1-2p)
The nonzero transitions of the joint presentation are:

(0,0)

8% £, sf,  with probability 3, 5] — s}, with probability ,
i 7 with probability e, sty 1% o7 with probability d,

sty U 87 with probability d, sty 1% 57 with probability c,
s/ sl with probability g, s/ % 7 with probability 1 — g,
7 = 7 with probability 3, s 2 57 with probability 1.

This presentation is unifilar: given the current state and emitted symbol (A, O;), the next state is
determined. The five states are pairwise predictively distinct. The state s/ is distinguished from
all others because it emits action 0 rather than action 1. The states sél and Séo have different
probabilities of observing 1. The states s/, and 8%1 also have different probabilities of observing 1.
Finally, 3-states cannot merge with ~y-states because their successor structure differs: from a 3-state
one may transition to a ~y-state, while from a y-state one returns to «v. Therefore the canonical joint
model has exactly five causal states.
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C.3 Canonical support-restricted models
C.3.1 Canonical support-restricted environment model

The unrestricted environment model is infinite because it must distinguish predictions under arbitrary
future action continuations, including arbitrarily long hold sequences. Under the realised controller,
however, arbitrarily long hold continuations are not supported. The controller emits action 0 in mode
@, action 1 in modes S and -y, and then returns to « after at most two consecutive holds.

By the general construction in section 3, each ordinary canonical support-restricted environment state
is the image under 1) of a joint causal state. In this example, the five non-sink images are pairwise
distinct:

S31);

¥(sa),
(551
(Sgo)
(S§1 ),
(s501)-

Together with the totalisation sink s¥, the canonical support-restricted environment state space is

w
|

T
&
ee@e

sr—FE sr—FE _sr— E sr E sr—FE sr—FE _F
N = {sa »Sp1 2580 18411 sSy01 HSLS-

The supported action sets are
Au(sa By ={0}, AT = Aulsy P) = AR ) = Au(s5e, ) = {1

Unsupported queried actions are sent to sf, and from sf every queried action emits | and remains

in sf . The ordinary transitions are obtained from the joint transitions above by applying theorem 17.

The six states are pairwise distinct. The sink state is distinct from every ordinary state because it
emits | forever. The state 55"~ ¥ is distinct from every other ordinary state because querying action 1
immediately yields L, whereas action 1 is supported from the other ordinary states. The two [3-states
are distinct because under action 1 they assign different probabilities to O; = 1, namely ¢ and d. The
two ~y-states are distinct because under action 1 they assign different probabilities to O; = 1, namely
g and % No f-state can merge with any -y-state: under the queried action word 11, a S-state has
positive probability of producing two ordinary observations before any occurrence of L, while from
a y-state the first queried hold returns the controller to «, so the second queried hold emits L almost
surely. Therefore the canonical support-restricted environment model has exactly six causal states.

C.3.2 Canonical support-restricted agent model

For the agent side, support restriction would restrict future observation continuations to those
supported by the realised environment. In this example, the noisy observation kernel has full support
because 1 € (0, ) Consequently, every finite observation continuation has positive probability under
the coupled process The canonical support-restricted agent model therefore has the same three causal
states as the unrestricted canonical agent model, together with a sink state s/: S*=M = M y s
This is specific to the present example. In general, environmental support restrictions can merge or
alter the canonical support-restricted agent states.

D Relation between the three canonical models, with extra structure

Suppose that the environment and agent models are not only given as separate canonical channels,
but as compatible components of a factorised closed-loop presentation. Concretely, assume that:

* the environment model has causal state space S¥ and the agent model has causal state space
SM | with compatible alphabets and timing conventions,
* closing the two channels defines a stationary joint process on (A, O).,

* the product state Z; := (SE, SM) is sufficient for predicting the realised joint future, but
is not a causal state of the joint process in general. Equivalently, assume the conditional
independence

(A,0). L Hy | Zy, (49)
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or, in probabilistic form, Pr((A, O):. | Ht) = Pr((4, O)s. | Z¢),
* the reachable product states, i.e. the states in the support of Z;:
Reach(S¥ x SM) = {(s¥,sM) € SF x SM | Pr(Z, = (s¥,sM)) > 0}, (50)
carry well-defined transition dynamics and form a presentation of the realised joint process.

Under these assumptions, the reachable subset Reach(S¥ x S™) is a sufficient presentation of the
joint process. Since the canonical joint model is minimal among sufficient predictive presentations, its
causal states are a quotient of this reachable product presentation. Equivalently, there is a surjective
map x : Reach(S¥ x SM) — 87 such that, for every history h.; inducing the reachable product

state z(h.¢) == (eg(ht), ear(hy)), we have € (h.) = x(2(h:t)). Thus, in the finite case,
|S7| < [Reach(ST x SM)| < |SE||SM]. (51)

This product bound is therefore a property of an explicitly specified factorised closed-loop presentation
satisfying a joint-sufficiency condition.
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